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Abstract
FRW solutions of the string theory low-energy effective actions are described, yielding a dila-
ton which first decreases and then increases. We study string creation in these backgrounds
and find an exponential divergence due to an initial space-like singularity. We conjecture
that this singularity may be removed by the effects of back-reaction, leading to a solution
which at early times is de Sitter space.
February, 2004
1 Introduction
In [1], cosmological solutions to the equations of motion derived from the NS sector of the
string theory effective action were described. These solutions are without exception singular
at some point in their evolution, as they must be, since the starting point actions satisfy the
hypotheses of the classic singularity theorems of Hawking and Penrose. The dilaton in these
solutions first decreases and then increases. In the dual language of Horava-Witten theory
(if our starting point was the perturbative heterotic string), these solutions describe branes
which start out moving toward one another, reach some minimum distance, and then move
away again. This bounce-like behavior is made possible by the time-dependence of an axion
field, which combines with the dilaton to give a single complex scalar.
Such solutions are interesting for several reasons:
1. They are time-dependent backgrounds of string theory, involving only NS fields. As
such, they may admit a CFT description which could address the issue of singularities
in a new way.
2. Such backgrounds offer the possibility of studying string creation.
3. The bounce is reminiscent of ekpyrosis [2, 3], only there is no singular event like the
collision of the branes, and the four-dimensional Einstein frame metric does not proceed
from contraction to expansion.
In section 2, we will describe a generalization of the results found in [1], and in subsequent
sections we will consider string creation at the level of effective field theory, as in [4, 5]. In
a particular case, discussed in section 4 below, the relevant wave equation can be solved
analytically in terms of Whittaker functions, up to terms which do not affect the high
mass asymptotics. In this case, there is a divergent number density of strings produced via
the cosmic expansion, indicating that their back-reaction effects are important. Using less
precise methods, we argue in section 5 that this feature persists for other cases, and that the
difficulty lies in giving a proper treatment of the initial singularity.
In section 6, we attempt to include back-reaction from excited string modes in the equa-
tions. Motivated by the need to keep string creation finite, we suggest that at early times,
there may be a de Sitter solution with curvatures on the order of the string scale. Equations
following from the two-derivative action are of limited utility in such a case, but following
some clues provided by such equations, we arrive at a proposal for an early time solution
which seems to provide a resolution of the early time singularities that plague the geometries
explored in earlier sections.
There is a considerable literature on cosmological solutions of string theory. Rather than
present a thorough review of it, we refer the interested reader to [6].
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2 Solutions with an evolving dilaton
The most efficient approach to obtaining the solutions we are interested in is to start in
eleven dimensions with the action
S11 =
1
2κ211
∫
d11x
√
g
[
R− 1
2
G24
]
+ . . . , (1)
where G4 is the anti-symmetric four-form of M-theory and the omitted terms include both
the Chern-Simons term for G4 (which will not enter into our considerations) and terms for
the gravitinos. The ansatz to be considered is
ds2 = −e2Adη2 + e2Bd~x2 + e2Cdy2i + e2Ddz2
G4 = hdx
1 ∧ dx2 ∧ dx3 ∧ dz , (2)
where A, B, C, and D are functions only of the time coordinate η, and h is a constant.
The three coordinates ~x parametrize the three large spatial dimensions; the six coordinates
yi parametrize a compact Ricci-flat manifold; and z is the eleventh dimension, most simply
taken to be a circle.1 Both the Bianchi identity for G4 and its equation of motion are trivially
satisfied. The solutions of the equations of motion may be conveniently expressed as follows:
A = 3B +D
B = B0 +
1
3
log sechη +
q
2
log
1 + sin hη
cos hη
C = C0 +
1
6
log cos hη
D = D0 +
1− 3q2
6q
log
1 + sin hη
cos hη
− 1
3
log coshη ,
(3)
where B0, C0, D0, and q 6= 0 are real constants. The variable η runs from −π/2h to π/2h,
and there is a curvature singularity at one of these endpoints. Choosing q > 0 puts that
singularity at η = −π/2h; changing the sign of q corresponds to time reversing the entire
solution.
Reducing the solution (3) on the circle parametrized by z results in a solution to the type
IIA low-energy effective action that depends only on NS fields:
ds211 = e
− 2
3
Φds2str + e
4
3
Φdz2 G4 = H3 ∧ dz
ds2str = −e2αdη2 + e2βd~x2 + e2γdy2i
α = A+
D
2
β = B +
D
2
γ = C +
D
2
Φ =
3D
2
H3 = hdx
1 ∧ dx2 ∧ dx3
(4)
1Given a solution of the form we have described, we could orbifold by Z2 to get an approximate solution
to Horava-Witten theory. It is only approximate for most choices of the internal manifold parametrized by
the yi because usually one has some G4 on the internal six-manifold. Then the Chern-Simons term for G4
would matter, and the functions in (2) would depend at the least on η and z.
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The reduction to four dimensions is trivial in string frame, except that one must define a
new dilaton in four dimensions:
φ = 2Φ− 1
2
log detGij = −6C = −6C0 − log coshη , (5)
where detGij = e
12γ is the determinant of the string frame metric in the six compact
directions parametrized by yi. The four-dimensional Einstein metric is
ds24E = e
−φds24,str = −e2A
′
dη2 + e2B
′
d~x2
A′ = A+
D
2
+ 3C B′ = B +
D
2
+ 3C .
(6)
It will also prove useful to write the solution in terms of a different time variable, τ ,
defined by
dτ = eα−βdη hτ = K
(
1 + sin hη
coshη
)1/K
K ≡ 6q
1 + 3q2
,
(7)
where we have set B0 = C0 = D0 = 0. This can be accomplished by rescaling coordinates
in the eleven-dimensional solution. In terms of this new time variable, the four dimensional
Einstein frame metric (6) takes on a particularly simple form:
ds24E =
(
hτ
K
) [
−dτ 2 + d~x2
]
. (8)
This is an expected result, because in four-dimensional Einstein frame, the dynamics is
described by gravity coupled to a non-linear sigma model with zero potential. The sigma
model supplies stress energy with w = 1, and (8) is the k = 0 FRW solution with such stress
energy.
The ten-dimensional string metric may be written as
ds2str = a
2
(
−dτ 2 + d~x2
)
+ b2dy2i
a2 =
1
2

(hτ
K
)K
+
(
hτ
K
)−K hτ
K
b2 =
(
hτ
K
)± 1
K
√
1−K2/3
,
(9)
where the sign corresponds to the one in the relation q = K ∓
√
K2 − 1/3. One of the
solutions discussed in [1] is the case q = 1/K = 1/
√
3 of the solutions presented here. The
fractional power-law dependence of the scale factor b tells us that time 0 ≤ τ <∞.
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3 Wave equations
To study string propagation in the backgrounds constructed in section 2, the ideal approach
would be to use the freedom to shift the zero point of the dilaton to make the string coupling
very small except at the earliest and latest of times; to make some reasonable assumptions
about in and out states at these times; and to employ a worldsheet description to compute
the evolution while the string coupling is small. We will accomplish less than that in this
paper: our starting point will be the scalar wave equation(
− +m2 + ξR
)
φ = 0 . (10)
Individual components of higher spin fields satisfy such equations, with values of ξ and m
depending on the properties of the field in question. The on-shell condition L0|Ψ〉 = 0 for a
string state will lead approximately to an equation of the form (10). For an excited string,
the m2 term dominates over ξR unless R becomes of order the string scale, at which point a
purely geometric description breaks down. In the singular solutions constructed in section 2,
R is unbounded at early times, so this break-down occurs. We will nevertheless investigate
solutions of (10) for special values of ξ and the parameter q introduced in section 2.
Using a separation of variables ansatz,
φ =
1
ab3
ei
~k·~x+ivjyjχ(τ) , (11)
one derives from (10) the equations[
∂2τ +
~k2 +m2a2 +
a2
b2
v2j −
1
ab3
(∂2τab
3) + ξRa2
]
χ = 0
[
∂2τ +
~k2 +m2a2 +
a2
b2
v2j + (6ξ − 1)
a¨
a
+ 3(4ξ − 1) b¨
b
+ 6(5ξ − 1) b˙
2
b2
+ 6(4ξ − 1) a˙b˙
ab
]
χ = 0 ,
(12)
where the second line follows from the first plus an expression for the string-frame Ricci scalar
R in ten dimensions. We have assumed that the yi directions form a torus, but the analysis
would be no different for a more general six-manifold: −v2j would still be an eigenvalue of
the laplacian on the six-manifold.
4 An analytic approximation for K = 1
Equation (12) is complicated for general K. For the choice K = 1, however, there is an
approximate solution which improves as the mass is increased, and using this solution one
can calculate the expected string production in a fairly straightforward manner. The fully
explicit form of (12) for K = 1 (with vj = 0) is[
∂2τ + Ω
2(τ)
]
χ = 0 where
Ω2(τ) = k2 +
m2
2
(1 + h2τ 2) + ξ1
1
τ 2
+ ξ2
h2
1 + h2τ 2
+ ξ3
h2
(1 + h2τ 2)2
,
(13)
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and
ξ1 = (7− 2
√
6)ξ +
√
3
2
− 3
2
ξ2 =
√
6(4ξ − 1)
ξ3 = 6ξ − 1 .
(14)
Note that the last two terms in Ω2(τ) are each bounded between 0 (at late times) and h2
(at early times). At very early times, the 1/τ 2 term dominates both of the last two terms.
At late times, the m2h2τ 2 term dominates. During intermediate times, when τ ∼ 1/h, all of
these terms are of nearly the same order. However, for sufficiently large masses (that is for
m2 ≫ h2), the m2 term will dominate all of them. Hence we can drop the last two terms for
large mass strings, which gives us
[
∂2τ + k
2 +
m2
2
(1 + h2τ 2) + ξ1
1
τ 2
]
χ ≈ 0 . (15)
The solutions to (15) are exact, and are given in terms of the Whittaker functions, Mλ,µ(z)
and Wλ,µ(z):
χ1(τ) =
1
τ 1/2
Mλ,µ
(
imhτ 2√
2
)
χ2(τ) =
1
τ 1/2
Wλ,µ
(
imhτ 2√
2
)
,
(16)
where
λ =
−i(k2 +m2/2)
2
√
2mh
µ =
√
1− 4ξ1
4
. (17)
Both M and W can be written in terms of confluent hypergeometric functions
Mλ,µ(z) = z
1/2+µe−z/2Φ(1/2− λ+ µ, 2µ+ 1; z)
Wλ,µ(z) = z
1/2+µe−z/2Ψ(1/2− λ+ µ, 2µ+ 1; z) , (18)
where Φ and Ψ are confluent hypergeometric functions of the first and second kind, re-
spectively. It is important to note that the Whittaker functions M and W are linearly
independent, but they are not orthogonal.
The computation of particle production proceeds by first selecting natural asymptotic in
and out vacua. Our choice of vacua will be dictated by the criterion that we have oscillatory
modes with well-defined positive frequency. We shall use a generalization of the flat-space
definition of positive frequency, which requires that these modes satisfy the relation
− Im {∂τ log φ} > 0 . (19)
In time-dependent backgrounds, the in and out vacua are different: this means that if the
universe begins in the in-vacuum state, then at late times, the universe will be in a state
which is excited with respect to the out-vacuum; in other words, particles are produced as a
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result of the expansion. We would like to find the linear combinations of the χi’s that serve
as the positive frequency solutions at asymptotically early and late times. Recall that in our
case, z = imhτ 2; early times correspond to τ → 0, and late times correspond to τ →∞.
The leading term in the small z expansion of Φ is constant; hence for z → 0, we have
Mλ,µ(z) ∼ z1/2+µe−z/2. The requirement of oscillatory behavior at very early times (corre-
sponding to τ ∼ 0) forces µ to be imaginary: from (17) we see that this requires ξ1 > 1/4.
The oscillation of Mλ,µ is then dominated by the z
µ factor. Therefore, χ∗1(τ) is the time-
dependent piece of the early-time positive frequency mode, and hence can be used to define
a good in-vacuum upon quantization:
φin =
Nin
ab3
ei
~k·~x+ivjyjχ∗1(τ) , (20)
where we have included an undetermined normalization factor Nin for this mode.
To choose the out-vacuum, we examine the large z expansion of the function Wλ,µ(z).
The leading term in the large z expansion of Ψ is Ψ ∼ z−α, for α = 1/2− λ+ µ. Hence for
large z, functions proportional to Wλ,µ(z) will have definite frequency, dominated by the e
−z
factor. So we take χ2(τ) as the positive frequency mode that defines our out-vacuum:
φout =
Nout
ab3
ei
~k·~x+ivjyjχ2(τ) . (21)
The Boglubov coefficients, which determine how much the in-vacuum differs from the
out-vacuum, can be determined by expressing
φin = αφout + βφ
∗
out . (22)
To determine α and β, we need to know how the functions M and W are linearly related.
For −π/2 < arg(z) < 3π/2 the following relation holds (see for instance [7] and [8]):
Mλ,µ(z) =
Γ(1 + 2µ)
Γ(1/2 + µ− λ)e
−iπλW−λ,µ(−z) + Γ(1 + 2µ)
Γ(1/2 + µ+ λ)
e−iπ(λ−µ−1/2)Wλ,µ(z) . (23)
To be able to use this relation to compute α and β, one has to use the complex conjugate of
(22) (this ensures that arg(z) = π/2) :
φ∗in = N
∗
in
[
Γ(1 + 2µ)
Γ(1/2 + µ− λ)e
−iπλW−λ,µ(
−imhτ 2√
2
) +
Γ(1 + 2µ)
Γ(1/2 + µ+ λ)
e−iπ(λ−µ−1/2)Wλ,µ(
imhτ 2√
2
)
]
=
N∗in
N∗out
Γ(1 + 2µ)
Γ(1/2 + µ− λ)e
−iπλφ∗out +
N∗in
Nout
Γ(1 + 2µ)
Γ(1/2 + µ+ λ)
e−iπ(λ−µ−1/2)φout ,
(24)
where in the last line we have used the general property Wλ,µ(z) = Wλ,−µ(z) and the fact
that for us λ, µ, and z are all pure imaginary. This allows us to read off α and β, up to some
relative normalization of the wave functions:
α∗ =
N∗in
N∗out
Γ(1 + 2µ)
Γ(1/2− λ+ µ)e
−iπλ (25)
β∗ =
N∗in
Nout
Γ(1 + 2µ)
Γ(1/2 + λ+ µ)
e−iπ(λ−µ−1/2) . (26)
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Using the unitarity constraint |α|2 − |β|2 = 1 to fix the normalization we find our desired
result:2
|β|2 = 1
2 sinh(2π|µ|)
[
e−2π|λ| + e−2π|µ|
]
|λ| = (k
2 +m2/2)
2
√
2mh
.
(27)
The main qualitative point to note is that the particle production probability |β|2 ap-
proaches some asymptotically constant, non-zero value as m → 0 and m → ∞. But the
number of string modes increases exponentially with mass, and each mode experiences pair-
creation independently, provided that the string coupling is weak. Thus we conclude that
the K = 1 case suffers from the problem of divergent string production, at least before
back-reaction of the massive modes is properly taken into account.
5 Other values of K
The range of possible values for K is 0 < K ≤ √3. The original d = 4 solution of [1] is
the special case K =
√
3. In this section we will argue that, at least for a wide range of
the parameter ξ, the particle occupation number |β|2 is finite at large mass. Provided the
Bogolubov coefficient β is small, there is a useful approximate formula,
β ≈
∫
dτ
ω˙
2ω
exp
(
−2i
∫ τ
du ω(u)
)
, (28)
where the integral is over the whole range of τ—in our case, 0 to ∞. The result (28) can
be derived by expressing a general solution to the separated wave equation (13) in terms
of zeroeth order WKB solutions times slowly varying coefficients. The formula (28) is the
starting point for the method of steepest descent used in [4, 5]. This method relies however
on the range of τ being −∞ to∞, and it requires some regularity properties of the integrand
which amount to having well-defined adiabatic in and out vacua. Neither of these conditions
pertains to the current problem. However, as we saw in section 4, there can nevertheless be
a natural choice of in and out vacua, and finite results for β may be obtained. To get a more
general view on the problem, let us choose some τ0 and define
x(τ) =
∫ τ
τ0
du ω(u) . (29)
The variable x is a monotonically increasing function of τ , and we will assume that its range
is −∞ to ∞. This assumption tends to lead to naturally defined in and out vacua because
there is a solution to the separated wave equation (12) whose phase is approximately e−ix(τ)
for early times, and another with the same property at late times. These solutions are
naturally identified as positive frequency modes at early or late times.
2We essentially choose |µ| to be any positive real number, based on our choice of ξ1 > 1/4.
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One may rewrite (28) as
β ≈
∫ ∞
−∞
dx e−2ixΞ(x) where Ξ =
dω/dτ
2ω2
. (30)
The smallness Ξ is a standard measure of the reliability of the WKB approximation. Ev-
idently, the integral (30) converges absolutely provided Ξ(x) is itself integrable. If Ξ(x) is
not integrable due to behavior near ±∞, we must regulate the integral. Suppose there are
early time and late time expansions of the form
Ξ =
∑
j
c
(i)
j (−x)aj for x→ −∞
Ξ =
∑
j
c
(f)
j x
bj for x→∞ .
(31)
Then, given some xi and xf , we may evaluate (30) as
β ≈
∫ xi
−∞
dx e−2ix
∑
j
c
(i)
j (−x)aj +
∫ xf
xi
dx e−2ixΞ(x) +
∫ ∞
xf
dx e−2ix
∑
j
c
(f)
j x
bj
=
∫ xf
xi
dx e−2ixΞ(x) +
∑
j
c
(i)
j
(−2i)1+aj Γ(1 + aj , 2ixi) +
∑
j
c
(f)
j
(2i)1+bj
Γ(1 + bj , 2ixf ) ,
(32)
where Γ(a, z) is the incomplete gamma function. If quantitatively precise results are desired,
the integral from xi to xf can be done numerically and the early and late time series truncated
to some finite order.
Let us reexamine the separated wave equation (12). If m is large, then the equation is
approximately [
∂2τ +m
2a2 +
a2
b2
v2j +
ξ1
τ 2
]
χ = 0
ξ1 =
(
3
2
K2 +
21
2K2
− 5− 2
√
9− 3K2
)
ξ +
(
1− 9
4K2
− K
2
4
+
1
2
√
9− 3K2
) (33)
where we have discarded terms which are smaller than some of the ones we have kept. If
we set vj = 0, then we may simplify even further (again discarding terms that are small, for
large m, compared to some that we keep):
∂2τ + m
2
2


(
hτ
K
)1+K
+
(
hτ
K
)1−K+ ξ1
τ 2

χ = 0 . (34)
The second and fourth terms in square brackets are equal when
τ = τ0 ≡
(
2KK+1ξ1
hK+1m2
) 1
3+K
, (35)
where we have chosen some specific τ0 for convenience in the next few equations.
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Asymptotic expressions for Ξ at early and late times are easy to obtain:
Ξ ≈


− 1
2
√
ξ1
for τ ≪ τ0
(1 +K)K
1+K
2
2
√
2mh
1+K
2 τ
3+K
2
for τ ≫ τ0.
(36)
As a crude approximation, we may take
Ξ ≈ − 1
2
√
ξ1
θ(x) , (37)
where θ(x) is the usual step function. Using (37) and (32) leads immediately to
β ≈ 1
4i
√
ξ1
. (38)
The result (38), coming only from the leading early time remainder term in (32), agrees
qualitatively with the analysis in section 4: for large m, |β|2 tends to a constant, and that
constant is small when ξ1 is large. The disagreement on the value of the constant is likely
due to the fact that the WKB method is being pushed beyond its realm of validity. Clearly,
the result (38) again results in exponentially divergent total string production.
6 Resolving the initial singularity
The finding that the total string production is infinite due to the presence of an initial
spacelike curvature singularity may be unsurprising, though it underscores the subtleties
which one must face in discussing string dynamics in the early universe. In the spirit of [4],
we would like to inquire whether string creation near the spacelike singularity hints at how
this singularity might be removed. Back-reaction is clearly crucial to this story.
Curiously, when one entirely neglects the gravitational back-reaction of the dilaton and
the axion on the four-dimensional Einstein frame metric (which is then taken to be flat
Minkowski space) one arrives at a wave equation that gives exponentially small production
probability |β|2 for large m. The details of this have already appeared in [9], and we will not
repeat them here: instead, let us simply quote the result (using our current notation) that for
the case K =
√
3 where the extra dimensions are not changing their size in ten-dimensional
string frame, the no-back-reaction approximation gives finite total string production when
eφ0 >∼ 2πα′h2 . (39)
Evidently, the difficult situation we have encountered in this paper, where the production
probability |β|2 is constant at large m, owes to the fact that the early time behavior of the
solution including back-reaction from the dilaton and the axion is radically different from
9
the no-back-reaction treatment that led to (39). How then, we would like to ask, might the
inclusion of back-reaction from strings modify the story?3
In [11] a formalism was introduced to study this sort of question for homogenous isotropic
cosmologies. Let us consider the ansatz
ds2str = −dt2 + e2βd~x2 + e2γdy2i
H3 = hdx
1 ∧ dx2 ∧ dx3 Φ = Φ(t) ,
(40)
where as usual the three directions xa are non-compact, while the six extra dimensions
parameterized by the yi are compact. One starts with an action
S =
∫
dt
√
−G00
[
e−ϕ
(
−G003β˙2 −G006γ˙2 +G00ϕ˙2 + h
2
2
e−6β
)
+ F (β, γ, T
√
G00)
]
, (41)
where all terms but the last are a straightforward reduction of the ten-dimensional string
action, α′ = 1, and we have defined
ϕ = 2Φ− 3β − 6γ . (42)
The last term is included to describe the strings, which in [11] were taken to be at finite
temperature T . The equations of motion, in the gauge G00 = −1, are
β¨ − ϕ˙β˙ − 1
2
h2e−6β =
1
2
eϕPx
γ¨ − ϕ˙γ˙ = 1
2
eϕPy
ϕ¨− 1
2
ϕ˙2 − 3
2
β˙2 − 3γ˙2 + h
2
4
e−6β = 0
−3β˙2 − 6γ˙2 + ϕ˙2 − h
2
2
e−6β = eϕE ,
(43)
where we have defined
E = F − T ∂F
∂T
3Px = −∂F
∂β
6Py = −∂F
∂γ
.
E is the total energy in some fixed coordinate volume, and likewise Px and Py are extensive
quantities. There is a conservation equation,
E˙ + 3β˙Px + 6γ˙Py = 0 ,
which follows as a consistency condition of (43). If E = Px = Py = 0, then one can recover
the solution (4).
3The construction of non-singular FRW cosmologies as solutions to the string equations including matter
has also been studied recently in [10]. The starting assumptions regarding the stress-energy from strings are
somewhat different from ours, and consequently the results also differ.
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Motivated by the Brandenberger-Vafa scenario [12], let us assume that γ˙ = Py = 0:
that is, the extra dimensions are stabilized, perhaps at the self-dual radius. The remaining
independent equations of motion can be expressed as
ϕ¨− 1
2
ϕ˙2 − 3
2
β˙2 +
h2
4
e−6β = 0
−3β˙2 + ϕ˙2 − h
2
2
e−6β = eϕE
E˙ + 3β˙Px = 0 .
(44)
If we knew w = Px/E, then these equations could be solved for ϕ, β, and E, given initial
conditions. But the stress tensor of strings (insofar as it exists) is difficult to evaluate in a
regime where quantum creation of highly excited strings is important, so we clearly do not
know w.
We do know, however, that strings can provide negative pressure: if strings are stretched
further than the Hubble length, then roughly speaking they hold their shape in co-moving
coordinates, expanding as the universe expands, and leading to w = −1/3. Quantum creation
of strings might also provide negative pressure, since the quantum-created modes add energy
as the universe expands.
Negative pressure suggests that perhaps the non-compact part of the string frame metric
should be dS4, or something close to it, at early times. We are interested in describing
a regime where string creation is important, and this suggests that the Hubble constant
should be related to the Hagedorn temperature of the string by H/2π ≈ TH . If the Hubble
constant is significantly smaller, then string creation is insignificant, and it is hard to see
how exponential expansion would continue. If the Hubble constant is larger, then it would
seem that string creation must be divergent.
Thus, based only on the qualitative consideration of what sort of geometry would lead to
significant but finite E from excited strings, we seem drawn to dS4. Unfortunately, we run
into difficulties when we plug the ansatz β = Ht into (44). From the first of these equations,
one obtains a solution for ϕ whose behavior at early times is ϕ ∼ − h
3
√
2H
e−3β. This leads to
extremely negative E, which seems nonsensical. The origin of the problem is that the terms
proportional to h2e−6β dominate at early times. It does not make sense physically for these
terms to exceed the string scale: α′ corrections would set in, and the starting point action
would include more than just −1
2
H23 . It makes more sense to assume that, at early times,
the contribution from −1
2
H23 to (44) is nearly constant, resulting in
ϕ¨− 1
2
ϕ˙2 − 3
2
H2 +
h2∞
4
= 0
−3H2 + ϕ˙2 − h
2
∞
2
= eϕE
E˙ + 3HPx = 0 ,
(45)
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for some constant h∞ which we cannot determine without better knowledge of the stringy
corrections. The first of these equations can be solved for ϕ:
ϕ = ϕ0 − 2 log cosh t/t0 where 1/t0 =
√
1
8
h2∞ − 34H2. (46)
If t0 is real, the solution is well-behaved for all t, but it turns out again that E is extremely
negative for early times. If t0 is imaginary, then E is positive for a certain range of t, but ϕ
becomes singular in finite time. We should not take seriously a solution in which ϕ˙ exceeds
the string scale: α′ corrections inevitably become important. Assuming that such corrections
cause ϕ˙ to saturate to some finite negative value, ϕ˙∞, at early times—taking the sign from
the singular solution (46) with imaginary t0—one finds from the second equation of (45) that
−3H2 + ϕ˙2∞ −
h2∞
2
= eϕ0+ϕ˙∞tE . (47)
The first equation in (45) should not be considered on a par with the second, because the
first follows from functionally differentiating with respect to ϕ, and we have assumed that
α′ corrections substantially change the action’s dependence on ϕ. The second, which follows
from time-reparametrization invariance, should be a better guide to the string-scale physics.
Assuming the left hand side of (47)is positive, one obtains
E = e−ϕ˙∞tE0 , (48)
where E0 is some positive constant. Recall that E is the total energy in some fixed coordinate
volume: Ee−3β is proportional to the energy density ρ from excited strings. E is increasing
with time, which means that pressure is indeed negative: the conservation equation in (45)
leads directly to
w = Px/E = ϕ˙∞/3H , (49)
which is constant and negative. From (47) one may read off w < −1/√3, which means
that the co-moving expansion of highly excited strings cannot be the only source of negative
pressure. This is at least consistent with the observation that quantum creation of strings
causes the total energy in string modes to increase. Using (42) and (49), one can show
Φ˙ = 3H
2
(w + 1).
In summary, the “solution” described around (47) passes all the consistency checks that
we can make. It describes dS4 both in string frame and Einstein frame because the dilaton
varies linearly with time. It is really only a conjecture because we have extrapolated beyond
the starting point equations (43), assuming that various terms in these equations saturate
at finite values of order the string scale. The freedom to shift the dilaton by an additive
constant remains, so there can be a large region of the solution where higher loop corrections
can be neglected.
Matching onto the solutions described in section 2 at early times is complicated by the
fact that we don’t know the sign of Φ˙, and β˙ is positive in the dS4 solution but negative for
K > 1 in the solutions of section 2. If w > −1 and K = √3, then the matching point in the
12
far past: dS4
far future:
non-singular
singularity
at finite t
matching
region
Figure 1: The conjectured form of a matched solution for w > −1 and K = √3. The grey
line represents the original solution (4) at early times, leading back to a space-like singularity.
solution described in (4) might be expected to be for η > 0, where β˙ > 0 and Φ˙ > 0. Then
in the plane of the complexified dilaton, χ+ ie−φ, where dχ = e−φ ∗H3 in four-dimensional
Einstein frame, the total solution would look something like the curve drawn in figure 1.
Clearly it would be desirable to investigate the conjectured de Sitter solution with better
input from string worldsheet physics. This is not an easy task because the solution is largely
supported by stress-energy from highly excited strings that are produced by quantum effects
as the universe expands. It is possible that a space-time description is wholly inadequate
to describe the physics: curvatures on the order of the string scale are a hallmark of the
breakdown of spacetime physics. However, the solution we have suggested seems so uniquely
suited to avoiding the difficulties of exponentially divergent string production that we expect
it to be at least a rough guide to the true early time physics. If so, then of course one would
ask if there is a connection to be made with inflation. This would require the string coupling
to be extremely weak at early times, so that the string scale is a factor of 10−5 or so below
the Planck scale. This is not inconsistent with previous remarks, but given the speculative
nature of our proposed dS4 solution, it may be premature to try to make a definite connection
with cosmology.
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